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The collision between a contaminated spherical bubble and fine particles in suspension is considered for
rp/rb� 1 (rp being the radius of the particles in suspension and rb the radius of the bubble). The collision
probability or efficiency is defined as the number of particles colliding the bubble surface to the number
of particles initially present in the volume swept out by the bubble. In this note we show that the collision
probability can be expressed as Pc(rp/rb,Re) = g(rp/rb)f(Re) for both mobile and immobile interfaces. For
partially contaminated bubbles a linear or quadratic dependency in rp/rb is found depending on the level
of contamination and the value of rp/rb. These behaviors are given by the flux of particles near the surface
which is controlled by the tangential velocity for mobile interfaces and by the velocity gradient for immo-
bile interfaces. The threshold value (rp/rb)th between the rp/rb and (rp/rb)2 evolution is shown to vary as
sinn(Re)(hclean/n(Re))sin(3hclean/4), hclean being the angle describing the front clean part of the bubble and
n(Re) varying from n = 2 to n = 1 from small to large Reynolds number.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The collision between bubbles and particles in suspension oc-
curs in many applied situations, like water treatment, mining
exploitation, liquid metal purification, chemical reactors and
dynamics of air-sea exchange. In most of these situations bubbles
capture particles in suspension and transport them at a free sur-
face. The mechanisms of particle-bubble capture combine the
dynamics of collision with the interfacial forces between the bub-
ble surface and the particles. An overall capture probability (or
capture efficiency) is usually defined as the ratio between the
number of particles captured by a bubble and the number of par-
ticles located in the volume swept out by the bubble. This overall
probability can be decomposed as the product of three contribu-
tions (Schulze, 1989; Dai et al., 2000; Ralston et al., 2002; Nguyen
and Schulze, 2004): the efficiency of collisions Pc between bubbles
and particles that can be considered as a pure hydrodynamic
mechanism, the attachment efficiency and the particle-bubble
aggregate stability efficiency. Experimentally it is not easy to eval-
uate the contribution of each sub-probability since one only access
to the total number of particles captured by several bubbles. The
analyze of the results and the comparison with theoretical models
are performed with the assumption of unity attachment efficiency
and zero detachment efficiency. The hydrophobic, Van der Walls
ll rights reserved.
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and electrostatic forces are known to play a significant role during
the attachment and on the stability of the particle-bubble aggre-
gate. As mention in Nguyen and Schulze (2004), the contamination
of the bubble interface is one possible reason explaining the differ-
ence between experiments and theoretical predictions. The effect
of the interface mobility on the collision probability is also qualita-
tively discussed in Dukhin et al. (1995). In the previous studies
dealing with capture efficiency, the effect of the interface contam-
ination on the collision efficiency has only been analyzed by con-
sidering a fully mobile or immobile bubble surface. The
contamination is generated by the presence of impurities or surfac-
tants and also by the accumulation of captured particles in suspen-
sion. The contamination of the bubble interface is well known to
modify the bubble terminal velocity (Clift et al., 1978). In presence
of surfactant molecules or impurities, the rising velocity is ob-
served to range between the velocity of a clean bubble and the
velocity of a bubble with a fully immobile interface. The difference
between these two velocities can be significant. For example, con-
sidering a 1 mm bubble in water under normal conditions, the ris-
ing velocity is around 25 cm/s for a clean bubble while it is 11 cm/s
for a fully contaminated bubble. In most of the practical situations,
bubble interfaces are partially contaminated. Thanks to the analyt-
ical solution in Stokes flow obtained by Sadhal and Johnson (1983)
and numerical simulations (RBel and Duineveld, 1996; McLaugh-
lin, 1996; Cuenot et al., 1997) for low to moderate Reynolds num-
bers, relations between the drag force and the level of
contamination have been obtained. The inspection of such numer-
ical simulations clearly show that the flow field around a bubble is
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strongly influenced by the level of contamination resulting in a
significant effect on the behavior of the probability of collision
(Sarrot et al., 2005). In this paper we focus on the effect of the level
of contamination on the collision probability between a spherical
bubble and fine particles in suspension. We consider situations
from fully mobile to fully immobile interface. The objective is to
give a pertinent modeling of the effect of the partial contamination
of the bubble interface based on direct numerical simulations and
hydrodynamical arguments.

2. Statement of the problem

The radii of the bubble and the particles in suspension are de-
noted rb and rp, respectively. The liquid velocity is considered stea-
dy and uniform at the bubble scale. Ub denotes the relative velocity
of the bubble and Re = 2rbUbq/l its Reynolds number, q and l
being the density and the viscosity of the surrounding liquid. We
consider fine particles of density qp so that their Stokes number
St ¼ 2qpr2

pUb=9 lrb and the ratio of their velocity Vp to the bubble
velocity Ub are both much smaller than unity. Typically, if we con-
sider a bubble rising in a suspension of particles, the ratio between
the sedimenting particle velocity VS and the rising bubble velocity
Ub scales as VS/Ub � (rp/rb)2 so that in the limit rp/rb ? 0 the velocity
perturbation imposed by the sedimentation of each particle is
small compared to the velocity field imposed by the rising bubble.
For example, considering a rb = 0.5 mm air bubble in motion in
water which contains particles of radius rp = 5 lm and density
qp = 2500 kg/m3, the Stokes number is St � 0.005 and the velocity
ratio is VS/Ub � 0.001. Considering the limit St ? 0 and rp/rb ? 0,
a particle basically follows the streamlines of the flow imposed
by the bubble motion. Under these conditions the probability of
collision between a bubble and a particle is only dependent on
the ratio rp/rb, the bubble Reynolds number Re and the mobility
of the surface (level of contamination).

We denote Wcol the maximum value of the stream function at
the distance rp from the bubble surface and hcol the corresponding
angle defined from the front stagnation point (Fig. 1a). A particle of
radius rp collides with the bubble surface if it follows a streamline
passing between the bubble surface and the limit streamline Wcol.
We define the probability (or efficiency) of collision as the ratio be-
tween the number of particles which collide with the bubble sur-
face to the number of particles contained in the volume swept
out by the bubble. For a free rectilinear rising bubble, this volume
is a cylinder of section pr2

b . If the concentration of particles is uni-
form, the flux of captured particles is directly proportional to the
flow rate Ucol and the probability of collision can be written as:

Pc
rp

rb
;Re

� �
¼ Ucol

pr2
bUb
¼ 2Wcol

r2
bUb

ð1Þ

In this note, we propose to evaluate the flux of particles which
collide with the surface by calculating the flow rate Ucol between
the streamline Wcol and the bubble surface at the angular position
h = hcol:

Ucol ¼
Z rp

0
uðy; hcolÞ2pðrb þ yÞ sin hcoldy ð2Þ

where y = r � rb is the radial distance from the surface. The flow rate
is calculated by considering a Taylor expansion of the tangential
velocity u(y,hcol) = UC + y(ou/o y)C + O(y2) where UC and (ou/ oy)C
are the tangential velocity and the velocity gradient at the surface,
respectively. Combining this relation with (2), the probability of col-
lision writes:

Pc
rp

rb
;Re

� �
¼ 2

rp

rb

UC

Ub
sin hcol þ

r2
p

r2
b

UC

Ub
þ rb

Ub

ou
oy

� �
C

� �
sin hcol þ O

r3
p

r3
b

 !

ð3Þ
Note that this relation is valid whatever the value of Re and the
mobility of the interface in the limit rp� rb. The position h = hcol

where the streamlines get closer to the interface and the corre-
sponding values of UC and (ou/oy)C only depend on the bubble
dynamics i.e. they are only function of Re.

For a clean spherical bubble, the slip condition at the surface re-
sults in a tangential velocity of order Ub. The corresponding zero
shear stress condition ou/oy � u/rb = 0 at the bubble surface gives
a flow rate directly proportional to UC and sinhcol and the probabil-
ity of collision is:

Pc
rp

rb
;Re

� �
¼ rp

rb
1þ rp

rb

� �
f IðReÞ with f IðReÞ ¼ 2

UC

Ub
sin hcol ð4Þ

Under Stokes conditions (Re = 0), the analytical solution gives
UC = Ub/2 and hcol = p/2 by symmetry. Consequently, fI(Re ? 0) = 1
and relation (3) gives Pc(Re ? 0) = rp/rb(1 + rp/rb). At high Reynolds
number the flow around a clean bubble is known to be asymptoti-
cally potential (Moore, 1963). For a potential flow hcol = p/2 by sym-
metry and UC = 3Ub/2 so that fI(Re ?1) = 3 and relation (3) gives
Pc(Re ?1) = 3rp/rb(1 + rp/rb) where the first term 3rp/rb is the fa-
mous result of Sutherland (1948). For intermediate Reynolds num-
bers, the angle of collision has been determined using direct
numerical simulations and was found to be close to hcol � p/2, the
corresponding correction in (4) being less than 1.5% (Nguyen,
1998, Sarrot et al., 2005, Nguyen et al., 1998). Consequently, consid-
ering expression (4), the expression of fI is given by the evolution of
the tangential velocity at the bubble surface. This can be found in
Legendre (2007) where the tangential velocity is shown to be
directly link to the drag coefficient so that f I(Re) = (16 + 3.315 Re1/2 +
3Re)/(16 + 3.315Re1/2 + Re). The comparison with previous correla-
tions show that the function Pc = rp/rb(1 + 2/(1 + (0.37/Re)0.85)) gi-
ven by Weber and Paddock (1983) and Pc = rp/rb(X + Ycoshcol)
(1 � cos2hcol) given by Nguyen (1998) with X = 1 + 0.0637Re/
(1 + 0.0438Re0.976), Y = 1 + 0.0537Re/(1 + 0.0318Re1.308) and coshcol =
((X2 + 3Y2)1/2 � X)/3Y give comparable evolutions for the function f I.

At the surface of a solid sphere (UC = 0), the flow rate is
Ucol ¼ prb sin hcolr2

p (ou/o y)C and the probability of collision is di-
rectly proportional to the velocity gradient at the surface:

Pc
rp

rb
;Re

� �
¼ rp

rb

� �2

f IIðReÞ with f IIðReÞ ¼ rb

Ub

ou
oy

� �
C

sin hcol ð5Þ

Considering the Stokes solution (ou/oy)C = 3 Ub/2rb from which
we deduce fII(Re = 0) = 3/2, relation (3) gives PcðRe ¼ 0Þ ¼ 3r2

p=2r2
b

(Gaudin, 1957). At moderate Reynolds to high Reynolds numbers,
hcol decreases due to the increase of the recirculation zone with
Re. The corresponding evolution can be simply modeled by sin
hcol � Re�0.03 for 10 < Re < 250, sinhcol slightly depending on rp/rb

(Sarrot, 2006). Due to the evolution of the boundary layer thickness
d/rb � Re�1/2 at a solid sphere surface, the velocity gradient can be
estimated by (ou/oy)C � Ub/d � Re1/2Ub/ rb which gives the asymp-
totic limit f II(Re ?1 ) / Re1/2. Combining this relation with
sinhcol � Re�0.03, the collision probability is shown to evolve as
Pc(Re ?1) / (rp/rb)2Re0.47 (Sarrot, 2006) in agreement with the
relation Pc = (3/2) (rp/rb)2(1 + (3/16)Re/(1 + 0.249Re0.56)) given
Pc / 1.13 Re0.44 in the limit Reb ?1 (Weber and Paddock, 1983).
Note that the behavior Pc / Re2/3 proposed by Sarrot et al. (2005)
and Pc / Re0.72 given by Yoon and Lutrell (1989) are not in agree-
ment with the hydrodynamic justification given in this note.
3. Collision with a partially contaminated bubble

Depending on the concentration of contaminant in the liquid, a
bubble interface can be totally or partially contaminated. The dis-
tribution of contaminant on the interface results from the equilib-
rium between the adsorption and desorption at the interface, and



a b

Fig. 1. (a) Definition of the parameters and the limit streamline Wcol. (b) Stagnant cap model used to describe a partially contaminated bubble.
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the tangential advection and diffusion along the interface. When
the tangential advection dominates the diffusion so that the surfac-
tants accumulate at the rear part of the bubble, the interface con-
tamination can be modeled with a good accuracy with the stagnant
cap model (Dukhin et al., 1995; RBel and Duineveld, 1996;
McLaughlin, 1996; Cuenot et al., 1997). This description of the con-
tamination consists in separating the interface into two parts. The
front part 0� < h < hclean is free of any surfactants and the interface is
mobile due to the zero-shear stress condition while the rear part of
the bubble hclean < h < 180� is saturated on surfactants and the
resulting immobile interface obeys a non-slip condition (Fig. 1b).
Using this description of the surface, the numerical simulations
of Sarrot et al. (2005) show that two different behaviors are ob-
served for the probability of collision depending on the level of
contamination of the interface. For hclean > 90� the collision occurs
on the mobile part of the bubble and the probability of collision al-
ways follows a linear evolution in rp/rb. For hclean < 90�, a rp/rb or (rp/
rb)2 evolution is observed depending on the values of rp/rb and Re.
The probability of collision is found to change from the linear
dependency to the quadratic evolution at a threshold value (rp/rb)th

depending mainly on the level of mobility of the interface.
The existence of a threshold radius ratio (rp/rb)th is the direct

consequence of the shape of the streamlines around a contami-
nated bubble. As illustrated by the drawing reported in Fig. 2, a
streamline passing in the vicinity of the surface of the bubble can
present in some particular conditions two local minimum posi-
tions. The first one, at the radial distance r1 from the surface, is lo-
cated on the front clean part of the bubble where the tangential
velocity is maximum between its zero values at h = 0 and h = hclean.
At h = hclean due to the change of surface mobility, the non-slip con-
dition induces a sharp reduction of the flow rate in the vicinity of
the bubble and the streamlines are strongly deflected. If hclean < p/2
the flow rate continues to increase in the vicinity of the bubble due
to continuity and the streamlines can get closer to the surface and
reach a second local minimum position at a radial distance r2 from
the surface corresponding to a local maximum of the velocity gra-
dient. This second local minimum position is observed if the angle
hclean is less than a critical value hth(Re) depending on the Reynolds
number. The values of hth(Re) are reported in Table 1. hth(Re) is
found to reach asymptotically two constant values, around 60�
for low Reynolds number and close to 33� for large Reynolds num-
ber. The evolution of hth is found to be fitted with an accuracy less
than 3% to the following correlation:

hth ¼ 33�
Reþ 4:4
Reþ 2:5

ð6Þ

Depending on the comparison between the two local minimum
distances r1 and r2, the collision is controlled by the clean part or by
the contaminated part of the bubble. If rp = r1 < r2, the probability
of collision of particles of radius rp is controlled by the clean part
and evolves as rp/rb. If rp = r2 < r1, the flux of particle colliding the
surface is given by the flow near the non-mobile part and the prob-
ability of collision evolves as (rp/rb)2. Consequently no progressive
transition is observed between the linear and the quadratic evolu-
tion. The transition between the two regimes is observed when the
limit streamline Wcol satisfies r1 = rp = r2 which is observed when
the flow rates on the clean and the contaminated parts are equal.

Fig. 3 reports the numerical values of (rp/rb)th obtained by Sarrot
et al. (2005) for different Reynolds numbers. Some additional sim-
ulations have been performed in this study to cover a larger range
of Reynolds number and a larger range of level of contamination.
At first order a general evolution is observed. The values of hth(Re)
are also reported in Fig. 3 using vertical dashed lines. For each va-
lue of Re two regions can be clearly defined. In the region above the
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Fig. 2. Shape of the streamlines for a contaminated bubble for 0 < hclean < hth. (a) Definition of the two local minimum distances r1 and r2. (b) Numerical simulation of the
streamlines for hclean = 45o and Re = 100 showing an example of the two local minimum distances. Here r1 < r2.

Table 1
Value of the maximum angle of contamination hth(Re) for the presence of two local
minimum positions of the streamlines near the bubble surface.

Re 0.1 1 10 100 250

hth 56.7� 49.5� 38.7� 33� 33�
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curve and delimited by the vertical dashed line hth(Re), the proba-
bility of collision is controlled by the contaminated part of the sur-
face and the evolution is quadratic (Pc / r2

p=r2
b) while in the rest of

the domain (rp/rb,hclean) the evolution is linear (Pc / rp/rb).
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θclean

10
-4

10
-3

10
-2

10
-1

10
0

(r
p/

r b
) th

Re=100
Re=250

Re=10

Re=1

Re=0.1

Fig. 3. Evolution of (rp/rb)th versus hclean. Filled symbols: Sarrot et al. (2005), empty
symbols: this study. � Re = 0.1, h Re = 1, } Re = 10, M Re = 100, / Re = 250. — relation
(13) for Re = 0, - - - relation (13) for Re = 20. Above the curve Pc / r2

p=r2
b , under the

curve Pc / rp/rb and the separation between the two regions is completely defined
by the vertical dashed lines indicating the value of hth(Re) given in Table 1.
4. Probability of collision

4.1. Collision controlled by the clean part of the surface

According to relation (3), the flow rate on the clean part is con-
trolled by the evolution of the tangential velocity at the surface and
is given by its maximum value. The tangential velocity normalized
by Ub is plotted in Fig. 4 versus h for different levels of contamina-
tion and for two Reynolds numbers Re = 1 and Re = 100. As shown
in this figure, the maximum value of the tangential velocity is ob-
served at the angle hcol < hclean and its magnitude is found to be sig-
nificantly less than the tangential velocity of a clean bubble at the
angular position h = hcol.

The maximum tangential velocity UC(hclean) normalized by Ub is
reported in Fig. 5 versus hclean. This figure shows that UC(hclean)
evolves between two limit curves. In the Stokes limit (Re ? 0) one
has U0

CðhcleanÞ ¼ 1=2 sin2ðhclean=2Þ. In the limit of perfect fluid
(Re ?1), U1C is given by the potential solution U1C ðhcleanÞ ¼
3=2 sinðhcleanÞ for hclean 6 p/2 and U1C ðhcleanÞ ¼ 3=2 for hcleanPp/2.
This maximum value is obviously located at the angle h1col ¼ hclean

if hclean 6 p/2 and at the angle h1col ¼ p=2 if hcleanPp/2. A detailed
inspection of the Reynolds number dependency reveals that as a
first approximation UC(hclean) evolves between these limits as:

UCðhclean;ReÞ ¼ 1
2

f IðReÞ sinnðReÞ hclean

nðReÞ

� �
Ub forhclean 6 nðReÞp

2
ð7Þ

UCðhclean;ReÞ ¼ 1
2

f IðReÞUb forhclean P nðReÞp
2

where the coefficient n evolves between n = 2 for Re = 0 and n = 1 for
Re ?1. A simple correlation fits the numerical values of n(Re) with
a difference less than 1%:

nðReÞ ¼ 2þ 0:2Re0:5

1þ 0:2Re0:5 ð8Þ

The curve given by (7) is reported for Re = 10 in Fig. 5.
The evolution of hcol is reported in Fig. 6 versus hclean. For

hclean < 90o a general linear evolution is found whatever the value
of the Reynolds number:

hcol ¼ kðReÞhclean ð9Þ
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where the slope k(Re) depends on the Reynolds number and is
found to be less than the value given by the ‘‘perfect fluid” solution
k(Re ? 1) = 1. The evolution of k(Re) can be fit with an accuracy
better than 1% with the correlation

kðReÞ ¼ 2þ 0:16Re0:5

3þ 0:16Re0:5

For hclean > 90�, hcol tends to the value measured for a fully clean
interface and is found to be nearly independent of hclean for
hclean > 120�. Consequently, k(Re) can be estimated by k(Re) � 3/4
until 3hclean/4 equals the value of hcol for a fully clean surface. For
larger angle hclean, hcol can be chosen equal to the value for a clean
surface. Consequently, the probability of collision can be described
using:

sinðhcolÞ � sin
3
4

hclean

� �
for hclean 6

2p
3

sinðhcolÞ � 1 for hclean P
2p
3

ð10Þ
Finally, one propose for the probability of collision controlled by
the clean part of the surface:

Pc
rp

rb
;Re; hclean

� �
¼ rp

rb
1þ rp

rb

� �
f IIIðRe; hcleanÞ ð11Þ

with

f IIIðRe; hcleanÞ ¼ 2 sinðhcolÞ
UCðhclean;ReÞ

Ub
ð12Þ

where UC(hclean,Re) and sin(hcol) are given by (7)–(10), respectively.
This prediction is compared in Fig. 7 with numerical simulations. As
observed relation (11) gives a satisfactory prediction of the effect of
the interface contamination on the probability of collision with
small particles in suspension when the collision is controlled by
the clean part of the surface.

Note that Dukhin et al. (1995) propose to model the contamina-
tion effect by correcting the Sutherland model (i.e. for clean bubble
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and Re� 1). They use the stagnant cap description for small value
of hclean (hclean� p). The assumption is made that the capture oc-
curs on the front clean part of the bubble where the flow is sup-
posed to be approximated by the potential flow. The Sutherland
model is then corrected by sin2(hclean) given f III(Re ?1,
hclean� p) � 3 sin2(hclean) which is in agreement with Eq. (12) in
the limit Re ?1 and hclean� p. Note that for such a high level of
contamination, Fig. 3 (see also Eq. 13) shows that the collision on
the clean part concerns very small values of rp/rb since the critical
ratio is then very restrictive (ðrp=rbÞth � h3

clean).

4.2. Collision controlled by the contaminated part of the surface

Fig. 8 presents the evolution of the tangential velocity gradient
on the contaminated part of the interface for a partially contami-
nated bubble. This figure clearly shows the strong effect on the tan-
gential velocity gradient imposed by the change of condition at the
surface. After the change of surface mobility h > hclean , the velocity
gradient follows the evolution observed for a fully contaminated
bubble. Two situations are observed. If hclean > hth(Re), the velocity
gradient never reaches a local maximum and the value of the flow
rates can not be less than the value of the flow rate on the clean
part. The probability of collision is then controlled by the clean part
and evolves linearly with rp/rb. If hclean < hth(Re), the velocity gradi-
ent reaches locally a maximum given by the value obtained for a
fully contaminated bubble. Consequently, the flow rate of particles
colliding the bubble surface is non dependent on the level of con-
tamination and is given by relation (5). This particular behavior ex-
plains why when the flow of particles colliding the surface is
controlled by the dirty part, the probability of collision is very close
to the probability of a fully contaminated surface (Sarrot et al.,
2005).

4.3. Estimation of the threshold value (rp/rb)th

Finally, we consider the threshold value (rp/rb)th characterizing
the transition between the linear and the quadratic evolution of
Pc with rp/rb. As explained in Section 3, the transition between
the two regimes is observed when the limit streamline Wcol has
its two local minimum distances equal (r1 = rp = r2). This is ob-
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served when the flow rates on the clean and the contaminated
parts are equal. Since the transition is observed for hth < p/2, Eqs.
(5)–(11) gives the evolution of (rp/rb)th with the contamination:

rp

rb

� �
th

¼ f IðReÞ
f IIðReÞ sinnðReÞ hclean

nðReÞ

� �
sin

3hclean

4

� �
ð13Þ

In the limit Re ? 0, the threshold ratio is given by:

rp

rb

� �
th

¼ 2
3

sin2 hclean

2

� �
sin

3hclean

4

� �

Fig. 3 shows that this relation is in very good agreement with
the numerical values obtained for Re = 0.1. For a given angle hclean,
the maximum value of (rp/rb)th is approximately found for Re � 20
as confirmed by Fig. 3.

4.4. Discussion

Fig. 9 reports the evolution of the probability of collision versus
rp/rb for different levels of contamination of the interface. This fig-
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Fig. 9. Evolution of Pc versus rp/rb for a bubble of diameter 2rb = 0.75 mm in water
under normal conditions. � Dai et al. (1997), h Ralston et al. (2002). — hclean = 180�
(Clean bubble, Ub = 19cm/s, Reb = 142), - - - hclean = 0� (Fully contaminated bubble,
Ub = 8,5cm/s, Reb = 64), . . .. hclean = 30� (Ub = 8.5cm/s, Reb = 64), 45� (Ub = 8.6cm/s,
Reb = 64), 60� (Ub = 8.7cm/s, Reb = 65) and 75� (Ub = 9cm/s, Reb = 68).

D. Legendre et al. / International Journal of Multiphase Flow 35 (2009) 163–170 169
ure illustrates the strong influence of the contamination specially
for high level of contamination. The bubble radius is 2rb = 0.75 mm
to make possible the comparison with some experiments available
in the literature. A presentation on the different experimental ap-
proaches is reported in Nguyen and Schulze (2004). Experimental
determination of collision probability is very delicate and it is very
difficult to experimentally distinguish the collision efficiency from
the other efficiencies (attachment and stability of the aggregate).
To simplify the number of effect involved in the capture, experi-
mental determinations of the bubble-particle encounter efficiency
are usually carried out with simplified systems. These experiments
concerns single bubbles in a well-defined hydrodynamic flow field
and strongly hydrophilic or strongly hydrophobic particles. In the
latter case, the efficiency of attachment approximately equals
unity and the collision efficiency equals the experimental collec-
tion efficiency if fine particles are used. The particle capture prob-
ability per bubble is measured by injecting single bubbles in a
suspension of particles (Hewitt et al., 1994; Dai et al., 1998; Ral-
ston et al., 2002; Sarrot et al., 2007). The water quality is also con-
trolled in order to avoid the bubble contamination and
electrostatic interaction are suppressed by introducing an appro-
priate concentration of KCl. Consequently, only experiments for
clean bubble are available in the literature. Some of these experi-
ments are reported on Fig. 9 for spherical bubbles of radius closed
to 2 rb = 0.75 mm. For all the experiments reported the rising veloc-
ity is found to be close to 20cm/s indicating a fully mobile interface.
We have reported the data obtained by Dai et al. (1997) for a very
dilute pulp of hydrophobized quartz particles (7 lm 6 dp 6 70 lm)
corresponding to Stokes number 0.002 6 St 6 0.14. The experimen-
tal results tends to the evolution of a clean bubble in the limit of
small Stokes numbers (i.e. small rp/rb). For larger Stokes numbers
a significant deviation is observed due to the particle inertia (Ngu-
yen, 1998). The same tendency is observed for experiments re-
ported in Ralston et al. (2002) with quartz particles in the same
range of radius and with a contact angle of 73�. Note that Ralston
et al. (2002) also analyze the effect of the particle hydrophobicity
which is shown to significantly modifies the collection efficiency
(we have reported here the results obtained with the stronger
hydrophobicity). Fig. 9 clearly shows that the effect induced by a
partially contaminated surface is of the same order of magnitude
than the effect of inertia and hydrophobicity of the particles in sus-
pension. Finally, some additional experiments controlling the bub-
ble contamination are necessary in order to evaluate the relative
effects of the bubble contamination, the particle inertia and the
particle hydrophobicity.

5. Conclusion

In this paper, the probability of collision of a spherical bubble
moving in a suspension of fine particles has been evaluated up to
order (rp/rb)2. The dependency with the Reynolds number and the
level of contamination of the interface has also been investigated.
The collision efficiency is expressed as Pc(rp/rb,Re) = g(rp/rb) f(Re)
for both mobile and immobile interface. For a clean bubble, g(rp/
rb) = rp/rb(1 + rp/rb) while for a fully contaminated bubble (or a solid
sphere) g(rp/rb) = (rp/rb)2. These behaviors are given by the flux of
particles near the surface which is controlled by the tangential
velocity for mobile interfaces and by the velocity gradient for
immobile interfaces. For a clean bubble f(Re) is a monotonic func-
tion evolving from 1 for Stokes flow to 3 for high Reynolds number.
For a fully contaminated bubble (or solid sphere) the collision effi-
ciency reaches the Stokes limit f(Re) = 3/2 at low Reynolds number
while it evolves as Re1/2 at high Reynolds number. One direct con-
sequence is that the probability of collision with a contaminated
bubble is much smaller that for a clean bubble when rp� rb. For
a partially contaminated bubble a linear or a quadratic dependency
in rp/rb is found depending on the level of contamination and the
value of rp/rb. The transition between the rp/rb and (rp/rb)2 depen-
dency is observed at a threshold value (rp/rb)th evolving as
sinn(Re)(hclean/n(Re))sin(3hclean/4) where n(Re) is a coefficient varying
from n(0) = 2 to n(1) = 1 from small to large Reynolds numbers. If
hclean is less than a transition angle hth and the radii ratio is larger
than (rp/rb)th, then the probability of collision is that of a fully con-
taminated bubble and evolves as (rp/rb)2. For all the other situa-
tions the probability of collision evolves linearly with rp/rb and is
proportional to sinn(Re)(hclean/n(Re)) sin(3hclean/4) when hclean < p/2
while it is close to the probability obtained for a clean bubble for
hclean > p/2.
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